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ABSTRACT : In this paper, Mahgoub Adomian decomposition method (MADM), to handle the wave and heat
equations, is introduced. The efficiency of the present method will be shown by applying the procedure on four
examples.
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l. INTRODUCTION
An n-th order PDE for u(x,, x;, X3, ..., X, ), n = 2 isarelation of the form
F(%,u,Du,D?u,...,D™u) =0, 1)
where F is neither linear or nonlinear function.
The focus will be on two main types of PDEs as well, namely wave and heat equations. Now, we are going to
define these equations as

%u %u %u 9%u
Ou_ 2 ( AU ) @)
at? 0x12  0xp2 0xp?

ou 2 ( %u %u 9%u )

v 22 3
at? 0x12 + 9x,2 oot 0xp? ( )

respectively. The wave and heat equations have many possible applications in mathematics, physics and
engineering (see [1 — 6]).
In 2016, Mahgoub [7] define the function A for t > 0

Itl
A= {u(t): AM, ki, ky, >0, lu®)| < Mekf}, (4)

where M, k,, k, are fixed and M is a finite.
The operator M{u(t)} may be expanded as
Mu®}=H®) =v [ u)e™dt, k, <v <k, (5)
Many linear and nonlinear problems like ODEs, PDEs, Integral equations and integro- differential
equations were solved using Mahgoub transform and ADM(see [8 — 13]).
In present paper, we have application MADM for solving wave and heat equations.

1. APPLICATION OF THE METHOD
The general inhomogeneous form of PDE is
Lu(x, t) + Ru(x, t) + Nu(x,t) = h(x,t) (6)
with
. u(x, 0 =fx) w0 =g
where L = %, with inverse Lt = fot fot(.)dtdt, R is linear operator and N is nonlinear operator.
Now, we rewrite (6) as

Lu(x,t) = h(x,t) — Ru(x,t) — Nu(x, t) @)
Take Mahgoub transform to both sides, we have
M{Lu(x,t)} = M{h(x,t) — Ru(x,t) — Nu(x,t)} (8)
Linearity of M{.} yields
M{Lu(x,t)} = M{h(x,t)} — M{Ru(x,t)} — M{Nu(x,t)} 9)

Solving for (9), we get
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v2M{u(x, )} — ulx, 0)v? —vu,(x,0) = M{h(x,t)} — M{Ru(x,t)} — M{Nu(x,t)} (10)
By substituting u(x, 0) and u,(x, 0) into (10), we obtain

v2M{u(x, )} — f()v? —vg(x) = M{h(x, t)} — M{Ru(x,t)} — M{Nu(x,t)} (11)
This leads to
M{u(x, )} = f(x) +1 g () + 5 M{h(x, )} ——M{Ru(x, )} — = M{Nu(x,t)} (12)

Replacing u(x, t) = X3 ou,(x, t) and Nu(x,t) = X, 4, in (12), we have
M{ZE ot (6, )} = () +59(x) + 2 M{AGx, )} — = M{R Ziou, (x, 1)} — — M{Zi Ay} (13)
where
Ay = 2L 52, " NuJseg, M= 0,1, (14)
Therefore, we have
M{uo(x, )} = £(x) + 2 g(x) +— M{h(x, )}
M{ty 1 (%, 8)} = = 2 (MR Ty 0, 6) + M{E5, Ap})), n2 0 (15)
Applying M~1 to both sides, yields
Uo(x,6) = MHF()) + £g0) + M~ {5 M{hGx, 1)}

U (6,6) = =M {2 (MR D20 up (1) + M{Z20 A 3D}, 120 (16)

1. APPLICATIONS AND RESULTS
Example 1: Consider the wave equation [5]

1
U = Exzuxx ’ a7)
Subjectto u(x,0) = x, u,(x,0) = x2.
We use M{.} to both sides, yields

M{u,} =M {%xzuxx}, (18)
which gives
vEM{u(x, )} — ulx, 0)v —vu,(x,0) = M {%xzuxx} (19)
By substituting u(x, 0) = x, u,(x,0) = x? into (19), we obtain
1
vEM{u(x, )} —xv?—vx2 =M {Exzuxx} (20)
Replacing u(x, t) = Yoo u, (x, t) in (20), we have
M{% ou, (x, )} = x+ ixz + V%M{%xzunxx}, n=0 (21)
This leads to
M{uy(x, t)} = x +ix2
M{u,,,(x,t)} = 1%M{éxzunm}, n=0 (22)

Applying M~ to both sides, yields
uo(x,t) = x + tx?
Uy (1) = M1 {V%M{%xZunxx}}, n=0 23)

The solutions of (23) are given by
Uy (x, t) = x + tx?

a1, (1 11,1 (1 1
u(x,t) =M 1{ZM{5x2u0xx}}=M 1{V—ZM{5x2(2t)}}=x2M 1{1;—3 =;t3x2

it = o) = G ()l = (e ) =5

e = ) = e G| - (2 -

Thus

x2t5

243
u(x, t) =Z;‘f=0un(x,t)=x+tx2+%+ + -

5!
3 5 7
= x + x? (t+t—+t—+t—+~«)
3! 5! 7!
=x + x%sinht (24)
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Example 2: Consider the Heat equation [4]

ut = uxx ’ (25)
Subject to u(x, 0) = ae®*, where a and k are constants.
We use M{.} to both sides, yields

M{ut} = M{uxx}' (26)
which gives
vM{u(x, )} — vu(x,0) = M{u,,} (27)
By substituting u(x, 0) = ae®* into (27), we obtain
vM{u(x, t)} — ae**v = M{u,,} = M{y(x,t)} = ae** + %M{uxx} (28)
Replacing u(x,t) = X5, u, (x, t) in (28), we have
M2 o u,(x, )} = ae®* + %M{unm} (29)
This leads to
M{uy(x,t)} = ae**
M{ty 1 (%, 8)} = > M{uy,, }, 12 0 (30)

Applying M~1 to both sides, yields
uy(x, t) = aek*

tya (o) = M7 Euifu, ), n> 0 (31)

The solutions of (31) are given by
uy(x, t) = aek*
1

u(x,t) =M™! {;M{uoxX}} =M1 &M{akzek’c}} = ak?el*M~1 {%} = ak’te*
Uy (x,t) = M~ {1 M{ulxX}} =M {};M{ak"‘tek"}} =M {ak4ekx§M{t}}
— ak4ekxM—1 {i} — akzl-ﬁekx
v2 2!
2 6,kx
us(x, 1) = M~ {1 M{uzxx}} =M {lM {ak6%e"x}} =M {akz—fiM{tz}}

akbekx (2 t3
=—M 1{—} =ak®—e*
2! v3 3!

Thus
2
u(x, t) = X2 ou, (x, t) = ae** + ak?te** + ak‘*%ek" + -
2 3 ’
= aek* (1 FRI 4+ R+ kO )
2! 3!
= gekxghk®t
= gekxtk?t (32)
Example 3: The following nonlinear heat equation [4]
Up + Uy = Uy, (33)

with u(x,0) = 2x.
Mahgoub transform of (33) is

M{ut} = M{uxx} - M{uux}: (34)
Therefore

vM{u(x, t)} — vu(x, 0) = M{u,,} — M{uu,} (35)

By substituting u(x, 0) = 2x into (35), we find that

M{u(x, t)} = 2x + i M{u,,} — iM{uux} (36)
Replacing u(x,t) = Yoo u,(x,t) and Nu(x,t) = X2, A4, in (36) and then applying M1, yields
uy(x, t) = 2x
Ui (6, 0) = M (M}~ M{4,))}, n =0 @37)
Therefore the solutions of (37) are
uy(x, t) = 2x

uy G, 6) = M7 2 (M{ug, } — M{AG))} = M~ {3 (M0} - M{upu, P} = M~ {2 4x]
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= —4xM {%} = —4xt
00) = 1 (L (s, ) = ML) = 17 (0] = M, s+ 1,0
=M1 {_iM{—16xt}} =16xM™! {%M{t}} =16xM™1 {viz} _ 16x§

_1 (1 t3
u(,6) = M 2 (M{uy,, } - M{4,})} = —96x S,
and so on. Then, the solution is
2 3
u(x, t) = Yoo, (x, t) = —4xt + 16x% — 96x% + -

2x
T a2t .
Example 4: Solve the nonlinear wave equation [5]

u +u?, =0, (39)
Subject to u(x, 0) = —x2.
Take M{. } to both sides, we have

(38)

M{u,} = —M{u?,}, (40)
And
vM{u(x, t)} — vu(x, 0) = —M{u?,} (41)
Thus
M{u(x, )} = —x2 — = M{u?,}) (42)
Using u(x,t) = X5 u, (x,t) and Nu(x, t) = Y-y A, in (42) and then taking M1, yields
Uu(x, t) = —x?
Uy (0, 8) = =M~ {2 (M{4,D)}, n 20 (43)
Therefore the solutions of (43) are given
up(x, t) = —x?

2
w0 = =M M) = —w o mfa, }f = - 7]
= —ax?M {3} = —4x2t
u,(x,t) = =M1 {}J M{Al}} =-—M1 {%M{Zuoxulx}} = —2M1 EM{met}}
_ 2n-131 _ 2y-1 (1) _ 282 _ 252
= —32x2M {V M{t}} = —32x2M {vz} = —3202 = = 1622t
s (x,6) = —M~1 {l M{AZ}} — —6ax?t3
Uy (x,8) = =M1 &M{Am_l}} = —4Mx2tMm m=,1,2,..
Then, the solution is

ulx,t) = X2 ou, (x,t) = —x? — 4x%t — 16x2t2 + -+
2

== (44)

144t

V. CONCLUSION
Mahgoub Adomian decomposition method to the wave and heat equations was introduced. The efficiency of the
method has been shown by applying the procedure on some examples.
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